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ABSTRACT. New uniform error estimates are established for finite element ap- 
proximations Uh of solutions u of second-order elliptic equations Lu = f using 
only the regularity assumption IlulI1 < cfl flI 1 Using an Aubin-Nitsche type 
duality argument we show for example that, for arbitrary (fixed) E sufficiently 
small, there exists an ho such that for 0 < h < ho 

IIU - Uhilo < EIIU - UhIIl. 

Here, fl l denotes the norm on the Sobolev space HS. Other related results 
are established. 

1. INTRODUCTION AND RESULTS IN A SPECIAL CASE 

The aim of this paper is to prove some new error estimates for Ritz-Galerkin 
methods when they are applied to problems whose solutions have "finite energy" 
but in general are not "smoother". Among other things, it will be shown that 
the Aubin-Nitsche duality argument yields improved convergence in norms weaker 
than the energy norm under such low regularity conditions. This has applications to 
existence, uniqueness and error estimates for nonsymmetric problems, and extends 
some results given in Schatz j61. It also has applications to domain decomposition 
and multigrid methods _7; 8. 2 I3 4. 9]. A general theory and applications will be 
discussed in ?2, but in order to fix the ideas more concretely, we shall first give 
some of the results in the special but important case of the finite element method 
for Dirichlet's problem for a second-order elliptic equation on a polyhedral domain 
Q C 

Consider the boundary value problem 
N 

au 
N 

a 
(1.1) -L= E- (aij(x4) -) + bi(x)y- +c(x)u=f inQ, 

,j=1 
a 

=1 

u = O on aQ. 

We shall assume that the coefficients ai (x), bi (x), c(x) E L? (Q) and the L is 
uniformly elliptic on Q, i.e., there exists an ao > 0 such that for all real vectors 
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t = t1,-- ,N) anda all x e zG 

N N 

(1.2) ao E Z2 < E aij (S)(i - 
i=1 i,j=l 

The weak formulation of (1.1) is: Find u E H3l (Q) satisfying 
N 

a 
N 

a 

(1.3) ) B(u,v) ] ai,7j- + Ebi v+cuv)dx 

=jfvdx-(f,v), VvEHHo(Q). 

Note that in general B(., -) is nonsymmetric and satisfies for some c1 > 0 and 
c2 > 0 a Garding-type inequality 

(1.4) CiIIu1l2 - C2flUf2 < B(u,u) Vu E Ho(Q). 
Furthermore, B(.,*) is bounded, i.e., there exists a c3 > 0 such that 

(1.5) IB(u, v)I < c31ufllflv11ll VU, v E HoV(Q)u 

Here, for s > 0, fl * denotes the norm on the Sobolev space Hs(Q). 
Now let us consider the finite element method for (1.3). For each h E (0,1), we 

triangulate Q with a quasi-uniform mesh of size h, and relative to this triangulation 
we let Sh C Ho (Q) denote a finite element space. For simplicity we will take Sh to 
be the continuous piecewise linear functions vanishing on 0Q. The finite element 
method corresponding to the problem (1.3) is: Find uh E Sh satisfying 

(1.6) B(Uh, p) = (f, p) VI E Sh 

Let us note that if u satisfies (1.3) and uh satisfies (1.6), then u - Uh satisfies 

(1.7) B(u-Uh, p) = 0 V E Sh. 

We shall consider two separate cases. In the first it will be assumed that B(.,-) 
is symmetric positive definite. The nonsymmetric case will be considered later on 
in this section. 

1A. B(., ) is symmetric positive definite. Suppose that bi(x) = 0 for i = 

1,... ,N and that (1.4) holds with c2 = 0 so that B(., ) is coercive on Ho(Q). 
Then it is well known that a unique solution u E Ho (Q) exists for each f X H1 (Q) 
and satisfies 

(i.8) fluWiI < c411fll_l 

for some C4 > 0. Here, for s > 0 the norm on H-s (Q) is defined in the standard 
way by 

lif il-s= sup (f, v). 
vEH-5 (Q) 

livis =1 

For each f E H-1(Q) the equation (1.6) also has a unique solution Uh E Sh. Our 
aim here is to derive error estimates for u - Uh, using no further properties of the 
solution other than those implied by the inequality (1.8). It is important to remark 
that under our assumptions on the coefficients it is not known in general whether 
u E Hs(Q) for some s > 1 even if f E C(Q). 

We shall prove the following: 
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Theorem 1. Suppose that B(., ) is positive definite and symmetric and that u E 
Hoj(Q) and Uh E Sh satisfy (1.3) and (1.6), respectively, for f E H-1(Q). Then 

(a) Given any s > 0, there exists an ho = ho(s) > 0 such that for all 0 < h < 
ho (E) 

(1.9) IIU-Uhl0 < ?||U||1- 

(b) Iff CE L2(Q), then given any E > 0, there exists an h1 = h1(s) > 0 such that 
for all 0 < h < h1(s) 

(I1.10) IIU -Uhlll <_ Elf11f0l- 

Let us postpone the proof for a moment and discuss this result. Now it is well 
known that 

(1.11) - IIU-UI 
- l <1C5 inf llu-xll 1 

XE Sh 

Furthermore, Sh becomes dense in Ho' (Q) as h -* 0. By this we mean that the Sh 
have the property that for each fixed u E Ho (Q) and any given s > 0 there is an 
h2 = h2 (S, U) such that corresponding to each 0 < h < h2 there exists a UI E Sh 
satisfying 

(1.12) |U - UjI1 < ?. 

This together with (1.11) implies that U - Uhlll < C5? for h < h2(E,U), which 
says that Uh converges to u E Ho (Q) in the H1 norm, but the convergence is not 
uniform over bounded sets of u in Ho' (Q) (see t11). In contrast to this, the estimate 
(1.9) says that Uh converges uniformly to u in the L2 norm for sets of u which are 
uniformly bounded in the H1 norm. The proof of this result, which is new, will 
proceed via a duality argument and is intimately connected with the result of part 
(b). The inequality (1.10) says that the convergence of Uh to u is uniform in H1 if 
we restrict ourselves to the set of solutions u of (1.3) with f's which are uniformly 
bounded in L2(Q). 

Theorem 1 will follow from the next two lemmas, the first of which is a com- 
pactness result which may be of independent interest. 

Lemma 1. Let D = {f: f E L2(Q), lf lo = 1 } be the unit sphere in L2 (Q). Let 
W = {u: u = Tf , f E D} where u = Tf E Ho (Q) is the solution of (1.3), i.e., 

B(Tf,v) = (f,v) Vv E Ho (Q). 

Then W is precompact in Ho (Q). 

Proof. The set D is precompact in H1(Q). By (1.8), 

Ilull I+ Tf < C411f 1-1- 

Hence, T is a continuous map of H-1 (Q) into Ho' (Q) and therefore W, which is the 
image of D under T, is precompact in Ho' (Q), which completes the proof. D 

We shall need the fact that compact subsets of Ho' (Q) can be uniformly approx- 
imated in Ho' by elements of Sh. 

Lemma 2. Let V be a fixed compact subset of Ho' (Q). Then given any E > 0, there 
exists an h3= h3 (6, V) > 0 such that for each v E V and each 0 < h < h3 there 
exists a X S sh satisfying 

||V - XI < ?. 
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Proof. Since V is compact in HOe(Q)) then for given ?/2 there exists a finite ?/2 
net; i.e., one can find M = M(6, V) elements vi E V, i = 1,... , M, such that 
V c UIt p(?/2, vi), where p(?/2, vi) is the ball of radius ?/2 in Ho' (Q) centered at 
vi. It follows from (1.12) that for each vi there exists a Xi E Sh satisfying 

viv-JXi II l < ?/2 

for all 0 < h < hi = hi(E/2,vi). Let h3 = mini=...,m hi. If v E V, then there 
exists a ball p(?/2, vj) containing v and hence 

||V-Xfjll < ||V-VjlHl + ||Vj-Xjll <??, 

which completes the proof. D 

Proof of Theorem 1. We begin with a proof of (1.10). For f E L2(Q) set 

- f ~ U ~ Uh 
, and U 

Wlfflo flffIlo flffIlo' 

Now obviously, BQ&,q) = (f,) for all X E H3(Q), and B(iiih,$) = (I,) for all 
X C Sh(Q), and hence from (1.11) 

Iii - i|hl|l < C5 inf 1flu - Xl. 
XESh 

FRom Lemma 1 it follows that the set W = : B(i, ) = (f, ), fIfllo = 1} is a 
precompact subset of Hol (Q). By Lemma 2, 

inf ||U-XHI 1 < ? 
XEESh 

for h < h3(6, W) and hence 

fiU-UhHl ?6 

or 

||U - Uhl|| <? 6lf 11o, 

which completes the proof of (1.10). 
In order to prove (1.9), we begin the procedure for the Aubin-Nitsche duality 

argument 

(1.13) IIu-Uhflo= sup (u-uh,$). 
f EL2(Q) 

119011=1 

Let v E Hol(Q) satisfy B(v,r7) = (q,r7) for all r E H3(Q). Then 

(1.14) |(u - Uh,)i = |B(u - Uh,v)I = B(u,v -Vh)I < C311V - Vhllillulli. 

Using (1.10), we have that for all 0 < h < h1 ( 63) = ho, C3ilV - VhIl ? < sI0o, and 
the inequality (1.9) follows easily from (1.13) and (1.14), which completes the proof 
of Theorem 1. 0 

Let us remark that Theorem 1 may be strengthened in several ways. In fact, a 
simple consequence of Theorem 1 is the following: 
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Corollary 1. Suppose that Theorem 1 holds. 
(a) Let s < 1; then given any s > 0, there exists an h4= h4(S, s) > 0 such that 

for 0 < h < h4 

(1.15) IIu -Uhlls < S||u||l. 

(b) Let I <P < NN2; then given any s > 0, there exists an h5 = h5(S,p) such 
that for O < h < h5 

(1.16) IIU -UhIlLp < s||u||1. 

(c) Suppose that s < 1 and f E H-s(Q). Then given any s > 0, there exists an 
h6= h6(S, s) > 0 such that 

(1.17) IIu-Uhlll <_ ?lf11-s 

Proof. Without loss of generality we may assume 0 < s < 1. By interpolating 
the inequality (1.9) with the obvious inequality flu - uhfll < c5flufli, we obtain for 
0 < h < ho(sl) 

|U - Uhls < (C5)s(?1)1S Uj1* 

The inequality (1.15) now follows with the choice 

and h4 (,S) = ho(s1) 
The inequality (1.16) follows easily from (1.15) and a standard Sobolev inequal- 

ity. In order to prove (1.17), we may again assume without loss of generality that 
0 < s < 1. The inequality (1.17) follows by interpolating between the two inequal- 
ities 

IIU-Uhlll <~ f o110 

and the inequality 

||U - Uh|ll < C51lUIll < C4C5|ff 1-1* 

We leave the details to the reader. O 

lB. B(., ) is nonsymmetric. Let us now consider the general case of (1.3) where 
B(., ) is nonsymmetric and satisfies (1.4) and (1.5). If we assume that (1.3) has 
a unique solution u E Ho (Q) for each f E H-1(Q), then it is well known that for 
some constant C6 the analogue of (1.8) holds, i.e., 

(1.18) flull < c6lflffl1. 

We would now like to consider the question of existence, uniqueness and error 
estimates for the finite element solution of (1.7). This question was considered 
for example in Schatz t61. where both a simple general theory and an application 
to a problem of the type (1.3) was presented. Existence and uniqueness, but not 
uniform error estimates, were previously given in [5]. We shall follow the method of 
proof given in [61 because, together with the duality argument given here, it yields 
additional uniform error estimates, which are useful in applications to multigrid 
and domain decomposition methods. We shall first restate the results given there 
in an equivalent form useful for our application here. The more general version will 
be presented in the next section. 
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Lemma 3 (see [6]). (i) Let B(., ) satisfy (1.4) and (1.5). 
(ii) Suppose further that given E > 0, there exists an h5 = h5 (E) such that for 

any u E Ho'(Q) and Uh E Sh satisfying (1.7) 

(1.19) ||U - Uhflo < ?||U - Uhlll 

for 0 < h < h5(E). Then 
(a) There exists an h6 = h6(E) such that for each 0 < h < h6(E) the equation 

(1.6) has a unique solution Uh for each u E Ho'(Q). For all u E Ho'(Q) 

(Cl -EC2)||U-Uh|11 < B(u-Uh,U-Uh). 

(b) Furthermore, there exists a constant c, independent of u, h and Uh, such that 

(1.20) flu - uhlll < c inf flu - X 
XC-Sh 

and obviously 

(1.21) fIU-UhllO <? Ec inf flu - Xfi . 
XC-Sh 

In order to apply Lemma 3, we must obtain the estimate (1.19). This was done 
in M in an application by a duality argument forU - uh satisfying (1.7) under the 
added condition that the coefficients ai (x), bi (x) and c(x) are smooth functions. 
In this case solutions of (1.3) with f E L2(Q) have the added regularity that 
u E H+?Y(Q) for some 0 < -y < 1 and 

(1.22) flul1+i? < cllfflo. 

A standard duality argument then yields the estimate 

|U - Uh|| o < chyflu - Uh|ll, 

and obviously (1.19) holds for h sufficiently small. Therefore, Lemma 3 applies and 
for h sufficiently small (1.6) has a unique solution Uh satisfying the estimates (1.20) 
and (1.21). Of course, in this case the further estimate 

flu - Uhlll < ch'flfflo 

follows easily from (1.21), (1.22) and the approximation properties of Sh. 
Our aim now is to show that Lemma 3 holds when only the "minimal" regularity 

(1.18) is assumed. We shall again use a duality argument which is similar to that 
used in proving (1.9). 

Theorem 2. Assume that (1.3) has a unique solution u E Ho(Q) for each f E 

H-1(Q) and that (1.4), (1.5) and (1.18) hold. Then 
(a) Given any E > 0 there exists an h7 = h7 (E) such that if u E Ho (Q) and 

Uh E Sh satisfy (1.7) where 0 < h < h7, then (1.19) holds, i.e., 

(1.23) flu - Uhllo ?< EfU - Uhll|l 

(b) Lemma 3 holds, and we have the additional estimate that if f E L2 (Q), then 
given any E > 0, there exists an hg = h8(E) such that 

(1.24) |lU - Uhfll ?< Ellf llo 

Proof. As in the proof of Theorem 1 we begin the procedure for a standard duality 
argument. Let B* (,.) be the adjoint bilinear form to B defined by 

B* (u, v) = B(v, u) Vu, v E Ho' (Q). 
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It is well known that if (1.3) has a unique solution in Ho (Q) for every f E H-1(Q), 
then the equation 

(1.25) B* (w*, v) = (9, v) Vv E Ho (Q) 

has a unique solution for each g E H-1(Q) and 

(1.26) lW*fll1 < cllgfl_1. 

Note that B* satisfies the conditions of Lemma 1, i.e., the set 

W* = {w*: B*(w*,v) = (g,v), llgllo = 1} 

is a precompact subset of Ho' (Q). Now 

(1.27) IIU-Uh o = sup (u-uh,g). 
gE L2 (Q) 
1190fo=1 

Furthermore, for any X E Sh, 

(U-Uh, 9) = B*(w*,u-Uh) = B(u-Uh, W* -X) < C3 IU-Uh l1lW* -Xlil- 

The proof of (1.23) now follows by applying Lemma 2 to the precompact set W*. 
The proof of (1.24) follows in the same manner as the proof of (1.10) except here 
we use (1.20) of Lemma 3. This completes the proof. D 

The analogue of Corollary 1 also holds in this case. 

Corollary 2. Suppose that Theorem 2 holds. Then the results of Corollary 1 hold. 
The proof is the same as that of Corollary 1. 

2. GENERALIZATIONS 

Our aim in this section is to generalize the results of Theorem 2 to Ritz-Galerkin 
methods in an abstract Hilbert space setting. 

Let K1 C Ko CC K-1 be Hilbert spaces where C means continuous inclusion 
and CC means compact inclusion. We shall assume that K-1 is the dual space of 
NI with respect to the pivot space No, i.e., 

(2.1) lfflx1 = sup (f'p)>=o0 
hol11Hi =1 

Let B(., ) be a bilinear form on N1 x N1 which satisfies a Garding-type inequality 
and is bounded, i.e., there exist constants C7 > 0, c8 and c9 such that 

(2.2) C7flUIx1- C8flUlUI2 < B(u,u) Vu E KI 

and 

(2.3) IB(u, v)l < cgllullehjllvjjhj Vu, v E 7Hi. 

Consider the problem: For given f E H-1 find u E 'HI satisfying 

(2.4) B(u, v) = (f, v)-o Vv E H1. 

We wish to approximate the solution of (2.4) by a Ritz-Galerkin method. To 
this end, for each h E (0, 1), let Sh denote a family of finite-dimensional subspaces 
of K1. The approximate method is: For given f E KH-1 find uh E Sh satisfying 

(2.5) B(Uh, p0) = (f , (0)o V'dp E Sh. 
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Note that if u satisfies (2.4) and Uh satisfies (2.5), then 

(2.6) B(u-Uh, p) = 0 V E Sh. 

Concerning existence and uniqueness of a solution of (2.5), the following gener- 
alization of Lemma 3 was proved in [6]. 

Lemma 4 (see [63). Suppose that B(., ) satisfies (2.2) and (2.3). Furthermore 
suppose that given any E > 0, there exists an hg = h8(E) such that for any h E (O, h8) 
and for any u E Ni and Uh E Sh satisfying (2.6) the inequality 

(2.7) ||u - Uhll7-h0 < EflU - Uhfl7-H 

is satisfied. Then there exists an hg > 0 such that for all h E (0, hg), equation (2.6) 
has a unique solution Uh E Sh for each u E 7-il. For all u E 'Hi 

(C7-eC8)flu-Uhfl1 < B(u-Uh, U-Uh). 

Furthermore, 

flU-Uh||-(1 <c inf flu-XIIKtl, 
(2.8) llU-Uh|K <?ce inf flu-xllK1, 

XESh 

where c is independent of h, u and E. 

We shall now impose mild conditions on B and Sh under which the estimate 
(2.7) holds. To this end, define B* the adjoint of B by 

(2.9) B*(u,v) = B(v,u) Vu,v E N1. 

We will need the following assumptions. 

Al. Assume that for each f E A-1 there exist unique solutions u and u* in 'Hi 
of 

(2.10) B(u, b) = f (X) V\ E Hi 

and the adjoint equation 

(2.11) B*(u*, q)=f (X) V E Nh, 

which satisfy the inequalities 

(2.12) lull-H, < ciollf 1e-1, I lu*11-H < ciillfl1-_1. 

A2. (Density) Assume that the one-parameter family of finite-dimensional sub- 
spaces Sh of 'Hi have the following property: For each fixed v E 7-l and real number 
E > 0 there exists an hio = hio(E, v) > 0 such that for each 0 < h < hio there exists 
a X E Sh such that 

lyv - XK1H ' E. 

As a consequence of A2, we have the following generalizations of Lemmas 1 and 2. 

Lemma 5. Let W be a compact subset of 'Hi. Then given any E > 0 (arbitrary but 
fixed), there exists an hi, = hi,(E,W) > 0 such that for each w E W and h < hll 
there exists a X E Sh satisfying llw - XlIK < E. 

The proof is exactly the same as for Lemma 2. 
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Lemma 6. Let D = { f c NHo, I f lfl = 1} be the unit sphere of 'Ho. Let 

W={w; w=Tf, fED}, 

where w = Tf is the unique solution in NiH of 

B* (w, v) = (f, v)-Ho v E '1h. 

Then W is precompact in H1. 

The proof is exactly the same as that of Lemma 1. 
The generalization of Theorem 2 is as follows: 

Theorem 3. Assume that B(., ) satisfies (2.2) and (2.3) and in addition Al 
and A2 hold. Then 

(a) Given any E > 0, there exists an h7 = h7(E) such that for 0 < h < h7 and 
for any u E N1 and Uh E Sh satisfying (2.6) the estimate 

||U - Uhll-H( < EflU - Uhl7-H 

holds. Hence, the results of Lemma 4 hold. 
(b) Furthermore, given any E > 0, there exists an hs = hS(E) such that if f E NHo 

then 

||U - 
UhIl7-H1 < Ellf l110. 

The proof of this theorem closely follows the proof of Theorem 2 and will be left 
to the reader. 
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